BOREL EQUIVALENCE RELATIONS BETWEEN i x AND l p 

LONGYUN DING AND ZHI YIN 
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■ Abstract. In this paper, we show that, for each p > 1, there are 

continuum many Borel equivalence relations between M.^ /l\ and /l p 
, ordered by <b which are pairwise Borel incomparable. 
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1. Introduction 



A Polish space is a topological space that admits a compatible complete 
separable metric. For more details in descriptive set theory, one can see [3J. 
Let X, Y be Polish spaces, E, F equivalence relations on X, Y respectively, 
we say E is Borel reducible to F, denoted by E <b F, if there exists a Borel 
function 8 : X — > Y satisfying 



xEx 9(x)F9(x). 

> 

■ We say E is strictly Borel reducible to F, E <b F in notation, if £7 F 

but F E. We refer to [3] for background on Borel reducibilty. 
R. Dougherty and G. Hjorth [JJ proved that, for p, q > 1, 



A question of S. Gao in [2 J asking whether M^/lp is the greatest lowest 
bound of {R^ jl q : p < q}. T. Matrai answer this question in the negative by 
showing, for 1 < p < q, every linear order which embeds into (P(o;)/fin ; C) 
also embeds into the set of equivalence relations between M.^ /£ p and M.^ ji q 
\ ordered by <b (see [5\, Corollary 31). 

We can see that all equivalence relations considered in Marai's paper 
[5] are pairwise Borel comparable. A question arises naturally that, for 
1 < p < q, whether there are equivalence relations E, F such that R w /£ p <b 
E,F <b M./£ q but E,F are incomparable. Both Gao and Matrai asked this 
question in the special case p = 1, q = 2. In this paper, we show that, 
for each p > 1, there are continuum many pairwise Borel incomparable 
equivalence relations between M^/ix and W° /l p . 
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2. Some notes on E/ 

We denote by M + the set of nonnegative real numbers. Let / : [0, 1] — >• 
M + . Matrai [5] defined the relation Ej on [0, 1} U by setting, for every 
€ [0,1]", 

n | ) ^ OO- 

It is straightforward that Ej is a Borel relation whenever / is Borel. 
The following proposition answers when Ey is an equivalence relation. 

Proposition 2.1 (Matrai [5], Proposition 2). Let f : [0,1] ^ R + be a 
bounded function. Then Ej is an equivalence relation iff the following con- 
ditions hold: 

(Ri) /(0) = 0; 

(R2) there is a C > 1 suc/i that for every x, y G [0, 1] uwt/t i + y£ [0, 1], 

f(x + y)<C(f(x) + f(y)), 

/(*)<C(/(x + y) + /(y)). 

A nonreducibility result was obtained in [5] for a class of Ej's as follows. 

Theorem 2.2 (Matrai [5], Theorem 18). Lei 1 < a < 00 and Zei : 
[0,1] — > [0, +00) be continuous. Set f(x) = x a (p(x), g(x) = x a ip(x) for 
x G [0, 1] and suppose that f,g are bounded and Ej and E 9 are equivalence 
relations. Suppose ip(x) > (x > 0), and 
(Ai) there exist e > 0, M < uj such that for every n > M and x, y G [0, 1], 

<p(x) < e<p(y)<p(l/2 n ) => x < 



2«+i ' 

(A 2 ) lim n _ K30 V>(l/2 n )Ml/2 n ) = 0. 
T/jen E 3 ^ B E/. 

Remark 2.3. We may replace condition (A2) in the theorem by 

(A 2 )' liminf^^ V(V2 n )/^(l/2 n ) = 0. 
In fact, we can check that the proof for Theorem 18 of [5] is still valid 
under condition (A2)'. In this paper, condition (A2)' is the key to prove 
incomparability between equivalence relations. 

Mostly, we focus on equivalence relations Ej in which f(x) = x a ip(x) for 
x G [0, 1] with ip continuous increasing. 

Lemma 2.4. Let a. > 1 and (p : [0, 1] — > [0, 00) be an increasing function 
with 93(1/2) > 0. Set f(x) = x a <p(x) for x G [0, 1]. If there exists 5 > such 
that, for each n > 1, 

<p(l/2 n ) > max {^(l/2>(l/2"- ! )}, 

l<i<n— 1 

then Ej is an equivalence relation and condition (A\) in Theorem \2.2\ holds. 
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Proof. Note that for n > 1 we have (fi(l/2 n ) > 5ip{l/2)ip(l/2 n - 1 ). Since 
93(1/2) > and ip is increasing, we have (p(x) > for x > 0. By Proposition 
12.11 and Theorem 12.21 we need only to check (Ri), (R2)) and (Ai). 
For (Ri), /(0) = is trivial. 

For (R2), let x,y S [0, 1] with 2 + y € [0, 1]. Without loss of generality, 
we can assume that x > y > 0. Since f(x) = x a ip(x) is increasing, we have 

f(x)<f(x + y)<(f(x + y) + f(y)). 

If x > 1 /4, then 

If x < 1/4, let x G (l/2 n+1 , l/2 n ] with n > 1. Then 



/(* + y) < /(2a:) < /(1/2™- 1 ) = t^¥»(1/2 



> ~ 2 (n-l) 



/(x) > /(1/2-+ 1 ) = ^^^l/2" +1 ) > ^^^(l/^^l^- 1 ). 
Thus we have 

Therefore, C = max jl, i Sip(i/4) } witnesses that (R2) holds. 

For (Ai), fix a < e < min{l/v?(l), 5tp(l/4)/<p(l), <$V(l/4)}. For x,y G 
[0, 1] and n > 0, assume for contradiction that 

ip(x) < s<p(y)ip(l/2 n ), but x > JL^. 

If y = 0, since (f(x) < e(p(0)(p(l/2 n ) < 93(0), we have x = 0. It contradict 

to X > gn^l • 

If y > 0, let y € (l/2 m+1 , l/2 m ] for some m G w, then x > l/2 m+n+2 . If 
m = 0, we have 

^(lMV2 n ) > <p(x) > v{l/2 n+2 ) > ^(1/4)^(1/2"), 

contradicting e < Stp(l/4)/(p(l). If m > 1, we have 

ec/?(l/2 m )v?(l/2") > ^(x) > y?(l/2 m+n+2 ) 

> ^(l/2 m+2 )v3(l/2 n ) 

> 5V(i/4V(l/2 m )^(l/2"), 

contradicting e < <5 2 c/?(l/4). □ 
3. PAIRWISE INCOMPARABLE EQUIVALENCE RELATIONS 



>>n )n<to 



From Lemma 12.41 we can define ip from a decreasing sequence (u r , 
by setting ip{\/2 n ) = u n and then extend tp to [0,1] to be a continuous 
increasing function which is affine on each [l/2 n+ , 1/2™]. 
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Lemma 3.1. Let < 5, A < 1 and uq = u\ = 1. For n > 1, suppose that 
Un = Un-i or u n = \u n -\ + (1 — A) maxi<i< n _i {5uiU n -i} ■ Then we have, 
for each n > 1, 

u n -i >u n > max {5uiU n ^i}. 
l<i<n— 1 

Proof. We argue by induction on n. If n = 2, then U2 = u\ or U2 = 
Aui + (1 — X)5uf . So u\ > U2 > 5u\. 

For n > 2, by induction hypothesis, u/c_i > > max 1 < i </ c _ 1 {<5'UjTi/ ! ._j} 
for each 2 < k < n. Thus 

i*n-i > max > max {<5«jU n _j}. 

l<j<n-2 l<j<n-2 

Note that u n ^\ > 5u n ~\Ui, we have u n -\ > maxi<j< n _i{<5ujU n _i}. Then 
by the definition of u n , 

u n -i >u n > max {5uiU n _i}. 

l<i<n-l 

□ 

Lemma 3.2. Let j3 > a > 1, < S < 1 and A = 2 a ~ 13 . Suppose that (u n ) n<w 
is a sequence as in Lemma \3.1\ and ip : [0, 1] — > [0, oo) is a continuous 
increasing function with ip{l/2 n ) = u n for each n < uj. Set f(x) = x a ip{x) 
for x G [0, 1]. Then is an equivalence relation and 

w/ii <b E/ < B R7v 

Proof. (1) From Lemma 13. 11 we have 

p(l/2 n )=u n > max {<5u;u n _;} = max {^(1/2^)^(1/2"^)}. 

l<i<n— 1 l<i<n— 1 

Thus by Lemma 12.41 Ej is an equivalence realtion. 

(2) Fix a bijection (•, •, •) : {0, 1} x to x ui — > oo. For each n G to, find a 
c„ G [0, 1] such that < f (c n ) < 1/2™. We define 9 X ■ ^ -> [0, If by for 

G R w , setting 0i((:c)n<u) — {ym)m<uj with 

y m = c n m= (0,n,k),x n >0,k <[x n /f(c n )], 

or m = (l,n, fc),x„, < 0, fe < [-x n /f(c n )], 

and Dm = otherwise. It is easy to check that 6\ is Borel. For (x n ) n<UJ , (x n ) n<U! G 
if 9i((a; n ) n < u ) = (y m ) m< uj, 0i((x n ) n<UJ ) = (y m ) m <uj, we have 

\x n -x n \- 1/2™" 1 < f(\Vm ~ ym\) < \x n - x n \ + 1/2™" 1 , 

where Yl ranges over {m = (i, k, n) : y m ^ y m , k < u,i = 0, 1}. Thus 

|s n - x„| < oo <^=> ^ f(\Vm - y m \) < oo. 

n<u) rn<u) 

Therefore, 6>i witnesses that W/ii < B E/. 

(3) For proving Ej M^/ip, by Theorem 16 of [5], we need only to find 
a function k : {1/2 1 : i < to} — > [0, 1] and L > 1 satisfying that, for each 
n < to, 

W mm = Er=o(«(V2 i )/2 n - i )^; 
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(n) EZn^mf < ^ElLo^l 1 / 2 *)/ 2 ""?; 

(iii) K (l/2 n ) < L ■ max{K(l/2 i )/2"- i : i < n}. 

To satisfy (i), we shall let k(1) = /(l) = no = 1 and, for n > 0, 

n{l/2 n f = f{l/2 n ) - f(l/2 n - l )/2^ = (u n - An n _!)/2" a . 

Note that u\ — Xuq = 1 — A € [0, 1] and, for n > 1, 

(1 - X)u n -i >u n - Xu n -i > (1 - A) max {5uw n ~i}, 

l<i<n— 1 

so u n — \u n -\ € [0, 1]. We see that «(l/2 n ) is well defined. 
Let L = max{Er=o 2 ~ fc °> 2 > O^)- 1 ^}. 

By the definition of k, we have K{l/2 n f < f(l/2 n ) = (p(l/2 n )/2 na . 
Hence 

oo oo oo oo 1 

J2 < E va/a*)/^ < £ ^1/2^/2- = /(i/2») £ ^— F . 

i=n i=n i=n i=n 

Prom (i), we know (ii) is satisfied. 

For (iii), if n = 1, then k(1/2) < 1 < Lk{\)/2. 
Note that for each n > 1, we have 

K{l/2 n f = (u n - A« n _i)/2™ < (1 - X)u n -i/2 na 

< (1 - AK_ 2 /2 nQ < (1 - A) max 1 < i < n _ 2 {,5n i n n _ i }/( ( 52 nQ ) 

< (n n _i - Xu n . 2 )/(52 na ) 
= n{\/2 n - 1 f/{52 a ). 

Then (iii) follows from K (l/2 n ) < LK(l/2 n ~ 1 )/2. □ 

Theorem 3.3. For any /3 > 1, there is a set of continuous function 

{f r .[o, iMR + :?e{o,in 

such that eachEf^ is equivalence relation withM^ /i\ <b E^ <b M^/tp, and 
for and distinct £, £ G {0, we /ia«e and Ej c are Borel incomparable. 

Proof. Fix a < 5 < 1 and a 1 < a < /3. Let A = 2 Q -^. For s e {0, 1} <U \ we 
denote by lh(s) the length of s. We are going to construct a finite decreasing 
sequence w s € [0, l] <tJ , a natural number n s < oj for every s € {0, 1} <W , and 
a sequence of natural numbers ko < k\ < k 2 < • • • , satisfying the following 
list of requirements. 

(a) If lh(s) = I, then lh(w s ) = k h 

(b) If t\l = s, then wt\ki = w s . 

(c) If lh(s) =lh(t) = l,s ^ t, then ki_\ < n s < k[ and 

w s (n s )/w t (n s ) < 1/2'. 

Construct by induction on lh(s). Firstly, let ko = 2, u>0(O) = w^l) = 1 
and rig = 1. Assume that ko < ki < ■ ■ ■ < ki-i and for all lh(s) < I, w s ,n s 
have been defined. For lh(s) = I and n < ki-i, set w s (n) = w s |(;_ 1 )(n). 



w s (n) 



w s (n) 
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We enumerate {0, 1}' by s±, S2, ■ ■ ■ ,sm (M = 2 l ). Let n Sl be a sufficiently 
large number specified later, for s S {0, 1}', k\-\ < n < n si , we define 

\w s (n - 1) + (1 - A) maxi<j< n _i{(5u; s (i)u; s (n - i)}, s = si, 
w s (n-l), s ^ si. 

From Lemma [3-H we see that w s is decreasing. Note that w Sl (i)w Sl (2n—i) < 
w si (n) for 1 < i < 2n — 1, we have 

w Sl (2n) < Xw Sl (n) + (1 - \)8w Sl (n) = 5'w Sl (n), 

in which 6' = X + (1 - X)S < 1. Hence w Sl (2 m n) < (5') m w Sl {n) -)■ (m -> 
oo). We can find a sufficient large n Sl such that, for s\ ^ s G {0, 1}', 

to Sl (n ai )/w a (n ai ) < 1/2 Z . 

Follow the same method, we can find n Sl < n S2 < ■ ■ ■ < n SM such that, for 
j = 2, ■ ■ ■ , M and n Sj _ 1 <n< n Sj , 

Xw s (n - 1) + (1 - A) maxi<j<„„i{5-u; s (f)ti; s (n - i)}, s = Sj, 
w s (n-l), s^Sj. 

Furthermore, for Sj ^ s £ {0, 1}' we have 

w Sj (n Sj )/w s {n Sj ) < 1/2'. 

Letting ki = n SM + 1, we finish the construction at level I. 

For every £ 6 {0, 1} W , we fix a continuous increasing function tp^ : [0, 1] — >• 
M + such that (/?^(l/2 n ) = w^i(n) for Z < u;,ra < fc;. Define = x a if^(x) 

for x G [0, 1]. From Lemma 13.21 Ey ? is equivalence relation, and 

W/h <b E /e <B K7V 

By Lemma [2.41 condition (Ai) in Theorem [22] holds for every tpg. If £ ^ f, 
then there exists m such that £(m) / ((m). Let I > m,s = (\l,t = £|Z, we 
have s ^ t. Then 

^(1/2^)/^ (1/2^) = Ws (n s )M(n s ) < l/2 ; . 

We see that condition (A2)' holds. By Remark 12 .3\ we have Ey. ^E^. □ 

Remark 3.4. Let 1 < a < /3, we do not know whether there exist Borel func- 
tions /, 5 : [0, 1] — > M + such that Ej,E 9 are Borel incomparable equivalence 
relations with W/i a < B E/,E fl < B M"W 
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